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Abstract. Numericalmethodsfor grids with irregular cells require discreteshapefunctionsto approximatethe distribution of

guantitiesacrossells. For control-wolumemixedfinite-elemen{CVMFE) methodsyectorshapeunctionsapproximatevelocities
andvectortestfunctionsenforcea discreteform of Dargy’slaw. In this paperanew vectorshapgunctionis developedfor usewith

irregular, hexahedralcells (trilinear imagesof cubes).lt interpolatesvelocitiesand fluxes quadratically becauseas shovn here,
the usualPiola-transformedhapefunctions,which interpolatelinearly, cannotmatchuniform flow on generalhexahedralcells.
Truncation-errorestimatesor the shapefunction are demonstratedCVMFE simulationsof uniform and non-uniformflow with

irregular meshesshaw first- andsecond-ordeconvergenceof fluxesin the L2 normin the presencaind absencef singularities,
respectiely.

1. INTRODUCTION

For simulationof two-dimensiona(2-D) flow in heterogeneousorousmedia,it hasbeenshavn thatmixed
methodsandin particularthe control-\olume mixedfinite-elemen{CVMFE) method[1], canbe efficient,
accurateschemego obtainthe velocity field [1-3]. As part of an extensionof CVMFE to 3-D, herewe
develop andtesta 3-D CVMFE velocity shapefunction for irregular hexahedralcells, basedon covariant
vectorsfor a mappingto a unit cube.lts performancds evaluatedwith the L? norm of the flux errorin a
numberof testcases.

In 3-D CVMFE, the domainis discretizedinto potentiallyirregular hexahedralcells, allowing for the
modelingof comple hydrogeologicabystemsVectorshapdunctions,describedsubsequent)yinterpolate
thevelocity overtheinteriorsof cells,andvectortestfunctionsareweightingfactorsin integratingthe Darcy
relationover controlvolumesassociatedvith cell faces;this canbe viewed asanerrorminimizationin the
control-wlumetechniqud4]. Theshapeandtestfunctionsresultin discreteequationghatcanbesolvedfor
fluxesatcell facesandpressurest cell centersShapdunctionsinterpolatecell-surbicefluxes,approximat-
ing thevelocity in the cell interior; a poor approximatiordegradeghe solution.We proposea new velocity
shapdunctionfor 3-D logically rectangulameshesvhich, in mostcasesshouldprovide areasonableell-
velocity estimate.This function is basedon a second-ordeapproximationof flux conseration acrosshe
cell, which canbe a non-linearinterpolationof the flux andthe velocity. For 3-D flow onirregularmeshes,
we believe thatthis functionwill offer advantage®ver 3-D versionsof the 2-D linearshapeunctionin [1].

Sections2-5 provide backgroundon the problemand the solutiontechnique.In particular section3
describeghe rolesof the shapefunctionsandtestfunctionsin CVMFE. Section4 shaws thatthe flux of
a uniform flow field acrossan arbitrary cell is not necessarilylinear; this affects the constructionof the
shapefunctions.Section5 discusseshe Piolatransformationwhich determinestandardshapefunctions
with linearflux for irregular cells. Velocity interpolationfunctions,a precursorof the shapefunctions,are
presentedn section6, followed by the shapefunctionsthemselesin section7. Sections8 and9 present
resultsof thevelocity shapefunctionfor uniform andnon-uniformflow, respectrely. A brief discussiorof
theresultsconcludeghe paper
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Figure 1. Left: referencecubeQ with edgesof unit length.Right: arbitrarycell Q from discretizatiorwith vertex locationsvggp,
V100, V010, V001, V110, V101, Vo11 @ndvyy; indicated.

2. BASIC EQUATIONS

This paperappliesCVMFE to asteadyflow equationn a 3-D domainQ:
0 g = W(X’y’ Z)a (Xaya Z) € Q. (1)

Hereq is the specificdischage vectorandW is a sourceterm. Boundaryconditionson the surfacedQ are
fluxesoverdQ¢ and/orspecifiedpressuresver 0Q,. We assumehe Darcy relation:

q = -KOp/k v

wherepis thepressureK (x,y, z) is thehydraulicconductvity tensorandp is theviscosity(the gravitational
potentialis neglectedfrom (2) for notationalconvenience)Lik e mostmixed methods CVMFE invertsthe
hydraulicconductvity tensorin (2), sothat

Op = —uK1q. 3)

Themixed-methodlevelopmenthereinuses(1) and(3) asabasisof the numericalapproximation.

We discretizeQ with a logically rectangulameshof hexahedralcells. Eachcell Q is the imageunder
a trilinear mappingof a regular referencehexahedron(unit cube),Q; Q is determinedby its verticesat
Vooo, V100, V010, V001, V110, V101, VO11 andvlll, Wherequy = (XO(BV’ yO‘BV’ Zqu) (Figure 1). Notethﬂatthefaces
of Q may be non-planar The mappingassociatesvith ary referencdocationf = (X,y,2) in Q, the point
r=(xY2inQ:

= Vo+ VaX+ VoY + VeZ+ VgRY + VeXZ+ V¢ Y2+ VgRyZ, (4)

wherevo = Vooo, Va = V100— Vo, Vb = Vo10— Vo, Ve = Voo1— Vo, Vd = V110— Vo — Va — Vb, Ve = V101 — Vo —
Va — Ve, V§ = Vo11— Vo — Vb — V¢, Vg = V111 — Vo — Va — Vb — V¢ — Vg — Ve — V. This mappingextendsthe
conventionalbilinear mappingfor a logically rectangulamgrid [1, 5]. Note thata fixed X in Q determines
a facenormalto the X direction, which (4) mapsinto a correspondindacewithin Q. Covariantvectors,
definedasX(y,2) = dr /0%, Y (X,2) =dr /oy andZ(X,y) = dr /02, describehegeometryof Q. Thevolumetric
Jacobian] for passingrom Q to Q is simply [6]

while, for afacein thelogical x direction,the surfaceJacobiar x becomeg$6]
M(%,9,2) = [Y(X%,2) xZ(%9)], (6)

andtheunit normalto this surfaceis
ng=(Yx2Z)/|Y xZ|. (7)

SurfaceJacobianandunit normalsare similarly definedfor facesin the logical y andz directions.These
relationsallow usto definethe necessarguantitiesusedwithin the CVMFE method.
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Figure 2. Midsectionthroughtwo adjoiningcellsin the logical x direction.Filled and opencirclesrepresentocationson faces
wherefluxesareestimatedppencirclesrepresentlux locationson facesin thelogical y directionprojectedonto midsection.The
x symbolis usedto denotepressurdocationsatlogical cell centers.

3. CVMFE METHOD

The CVMFE methodusesvelocity basisvectorsv; j kmn p(r) to approximatehe Dargy velocity g in acell
Qi j x fromthebulk cell-facefluxes.Here,i, j, k index thecell’s positionin themeshwhile m, n, p determine
afaceFimjnk+p Of Qi j k- Thentheapproximatiorof g in Q; j xk canbewritten

q = fipy2jkViiky200+ fio1/2jkVijk-1/200+ fijr1/2kVijko1/20
+ fij—1/2kVi,jko—1/20 + fi jkr1/2Vi,jko01/2 + fijk-1/2Vi j k0,0,-1/2, (8)
where,for example, fi 1,2 j « is the bulk flux throughfaceF, 1/, j k. Here,notethat “flux” is definedto
be thetotal volumetricdischage througha cell face,asopposedo the volumetricdischage perunit area,

whichis typicalin thefluid mechanicditerature.Substitute(8) into (1) andintegratebothsidesoverQ; j k;
the desiredresultis

fivyzjx— ficyzjk+ fijrr2k = fij—12k + fijke12 — fijke1/2 :/Q W(x,y,2) dxdydz 9
iik
To obtain(9), by the Gausdivergencetheorenthe shapeunctionsmustsatisfy

O Vi j kmn,pdxdydz = +1. (20)
Qijk
Thus,theshapé&unctionsshouldyield a discreteform (9) of the continuityequation(1) in Q.

To develop a discreteform for the Dargy relation (3), a control volume which straddlesa cell face
Fitm j+nk+p IS used;controlvolumeQ;*H/z’j’k for faceF 1/2 j k is depictedn Figure2. Weightedwith atest
functionw; 15 j k, andwith q approximatedy (8), (3) is integratedover Qi*+1/2,j,k' Thechoiceof thetest
functionis motivatedby the efficiengy and convenienceof eliminatingfacepressuresdjoiningtwo cells;
see[4]. Here,we usetheform proposedy GaranzhandKonshin[5] for the testfunction,a modification
of thatoriginally describedn [1], aswe have foundthatit performswell in mostcaseg4]. Referringto face
Fiy1/2,jx Of Figure2, thistestfunctionis

Xijk(¥,2)/3,jk(%¥:2), onQf i
Wir1/2jk = § Xitd,jk/Ji+1,ik oN Qg ko (11)
0, otherwise,

whereX; j i is the covariantvectorfor dr /0X. Similar formsexist for thelogicaly andz directions.
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Over the straddlingcontrol volume Qi*+1/2 ik the specific dischage approximationanalogouso (8)
involvesthetwo adjoiningcells;allowing V17 j « to bethis approximatarthen

Vivyeik = firyzjk (Vi,j,k;l/Z,O,O + Vi+1,j,k;—1/2,0,0) + fi 172, kVijjk-1/2,00
+ fits/2jkVitsjk1/200+ fij+1/2kVijiko1/20 + fij—1/2k Vi jko,-1/20
+ fijjkr1/2Vijk001/2 t fijk1/2Vi,jko0-1/2 + fit1j+1/2kVits,jk0,1/20
+ fiyrj—1/2kVit1jko-1/20 * firsjkr1/2Vits, k00,172 + firsjk-1/2Vis1,jko0-1/2- (12)

ThediscreteDargy relationis obtainedfrom (3) by integrating(12) against(11) over Qi*+1/2 K

Pit1jk— Pijk = —IJ/Q* (K™Wit1/2 k) - Wit1/2, x dxdydz (13)

i+1/2,j.k

Theintegrationsin (13) resultin asetof coeficientsrelatingthebulk fluxesonthefacesof Q; j k andQjy1j
to the differencein pressuresatthecell centerdatX =y = 2= 1/2 in eachcell). This methodis appliedto
all interiorfacesof thedomain,forming adiscreteDargy relation(13) for eachface.Thediscretecontinuity
andDarg/ equations(9) and(13), appliedto every cell within the domain,form the discretizationgor the
CVMFE method.With irregular grids, this systemof equationsanbe non-symmetricthoughwith certain
numericalintegrationrules symmetrycanbe assured5]; otherwise,it is similar in structureto equations
thatresultfrom othermixed-methodechniques.

Onauniform grid with a scalarconductvity K, with the shapeunctionsof the usualmixed methodand
with control-wlumetestfunctionsasin (11), theintegrationsin (13) leadto atridiagonalmassmatrix with
coeficientsin the proportionof 1/8, 6/8, 1/8. For the usualmixed method,in which the testfunctionsare
the sameasthe shapdunctions,theanalogougproportionsare1/6,4/6, 1/6, andfor the usualfinite-volume
or finite-differencemethodsthey are0, 1, 0 (diagonalor lumpedmassmatrix). As pointedoutin [5], based
on one-sidedcompactdifferenceschemesthe off-diagonal coeficient 1/8 of CVMFE can be expected
to presere second-ordeaccurag on non-uniformgrids, in which thereis no particularrelationbetween
the grids on the two sidesof an interface. This may be the reasonwhy CVMFE hascalculatedsecond-
orderaccuratdluxeson non-smoothguadrilateraridsin 2-D, without ary needfor Lagrangemultipliers
(correspondingo facepressuresasin theusualmixedmethodge.qg.,[7]).

4. FLUX INTERPOLATION

This sectiondiscussesnterpolationof cell-face fluxes over cell interiors, a preludeto developing cell-
velocity interpolationfunctions.Considerthe flux fx(X) acrossaninterior cell surfacedefinedby a fixed
valueof X within Q; if fy is theresultof avelocity field q(r), thenthis flux is:

6® = [a0-mds= [ [ a@)

whereny is the unit normalto this surface(7). The crossproductY x Z is a function of f = (X,¥,2) and
represents polenormalto the surfaceatX. Its dependencon X canbe madeexplicit (seeAppendixA):

1,1
Yxzldgiz = [ [ a(x.2-(Y x2)(%9.2)dydz (14)
0 JO

YXxZ = (1=R)(Yox % Zox) + R(Y 1x X Z1) — KL= R) (Y 2x X Z2), (15)

whereY o(2) = Y|s=0, Zox(¥) = Z|2=0, Y1x(2) = Y|p=1, Z1x(¥) = Z[2=1, Y2x = Y1x— Yox, @aNdZ oy = Z 1 —
Zox. Substituting(14) into (15), thebulk flux acrosghesurfaceatX is

f(R) = (1 %) fox(R) + KFx(%) — K1 R) fx(R), (16)
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where
. 1 r1
o® = [ [ a%9,2-(Yoox Zo) dz (172)
1 r1
@ = [ [ a®9.2): (YxxZu)dyaz (17b)
® = [ [ aR9D: (Yox 2o dga2 (170

For auniformflow field q(f) = q, (17a)—(17c) areindependentf X. Since fox and fix involve bothY and
Z atX= 0 andX = 1, respectiely, and f, is balancedetweerk = 0 andX = 1, it is naturalto considetthe
guadraticapproximation

Qfx(X) = (1—%) fox(0) + Xf1 (1) — X(1 - X) f2x(1/2), (18)
whichis exactfor uniform q. We will alsomalke useof thelinearapproximation
Lf(R) = (1) fox(0) +Xfne(D). (19)

The errorsof theseapproximationsare derived in Appendix B, which we summarizehere.To seethe
dependencen grid size,scalethe x-dimensionto Ax, keepingy andz on the unit intenal. (We wantto see
how the flux error acrossa fixed x-facevarieswith Ax; refiningit in y andz would have no effect, aswe
wouldintegratein y andz over eachsubficeandwould sumoverthem.)For fixedx, 0 < x < Ax, the Greens
functionof the operatord?/dx? with homogeneouBirichlet boundaryconditionsis

E(A_Xx_l)a OSESXa
(8 = x(f—x—l),xgﬁgAx. (20)

Now fy — L fy satisfiegtheseboundaryconditionsand(L f)” = 0, sothat

2

JAVS d AX
W9 -LE09 = [ 60 (galh-Lt)) @k = [ erB@®E (@)

0

In AppendixB, it is shavn that(21) leadsto
(k= Qf)(¥)

29
/ //{Axai 2) (Yxx Zax = Yoex Zoo)

2
N (1_ g() gxz (£,9,2) (Yox(2) X Zox(§)) + g(%g(z,_\% 2)- (Y1x(2) x Z1x(9)

. a . A 0 .. 02 ..
+ [& (q(E,y,Z) -q (%X,y,z» +£( (AE—X— %) a—j (&Y,2) — g( (1— AE_)() a—Xq(E,y,Z)] :
~(Yox(2) x (sz(x“/))} dydzdg (22)

and

(fk=Li)(®) = (fx—Qf)(X +/AX XE//sz (2’y’)'

(Yax(2) x Zx(9)) dydzde. (23)
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Assumingsmoothvariation of g, Y, andZ with x, the errorsin (22) and (23) are both O(Ax?), with
the two powersof Ax comingfrom the d§ integral andthe Greens function. The dq/0x andq termshave
coeficientsthatare O(Ax 1) and O(Ax2), respeciiely, butin eachcasethey aremultiplied by adifference
or productof differenceghatrestoreshe power(s)of Ax.

Note that q appearsn fy, — Lfy, while fy — Qfyx hasonly derivatives and differencesof q. Thus, Qfy
yieldsexactfluxesfor uniformq, while L fy doesnot, thoughbotharesecond-ordeiThe second-ordeterms
in fx— Qfy arethefirst two 9%q/dx? terms,presentvenon auniform cartesiargrid (i.e., una/oidableunless
q is linear),andthefirst dq/0x term,dueonly to grid distortionandvanishingif x-faceswereuniform. In
fx — Ly thereis alsothe second-ordetermin (23).

The above analysistacitly assumeghat the coarse-celrefinementis smooth,e.g., along the trilinear
coordinatesetup by thereferencenapping(thecoarsegrid mayberough;only theasymptotiaefinemenof
eachcell needbesmooth)If so,thenY;, Z,, andthedifferenceof Y x Z in (22) areall O(Ax). Equivalently
in a refinedcoarsecell, the angulardeviation from a parallelepipeds assumedo decreasas O(Ax) (so
that the deviation of the verticesdecreaseas O(Ax?)). If not, i.e., if angulardeviationsdo not decrease
(“random” refinement)thenY 5, Z,, andthe differenceof Y x Z are O(1). In fx — Qfy, thedq/ox andq
(difference)termsbecomefirst-order;in fy — L fy, the g term becomeseroth-orderThus, along with its
exactinterpolationof uniform-flow fluxeson distortedgrids,the quadratidlux interpolationmaybe crucial
in obtainingcorvergentflux approximation®n randomlyrefinedgrids.

The next sectionshaws thatthe Piolatransformationcommonlyusedto relatevectorvaluedfunctions
on referencecells to irregular hexahedralcells, leadsto the linear flux interpolationL f,. The possible
shortcomingsof L fy notedherewill motivate consideratiorof shapefunctionsotherthanthoseobtained
from the Piolatransformation.

In (18), thequadratidlux interpolationrequiresthat fox(0), fix(1) and fxx(1/2) beknown. Fluxes fox(0)
and fix(1) arecomponent®f the solution vector for a mixed method.If the crossproductY ox x Zoy in
fox is takento be a pole normalto a surface,then|Y o x Z|dydz canbe viewed asan elementakreaon
this surface;we adoptthis anddefinethe surfaceasthe secondaryface asopposedo the primary faces
formedby thecell surfaces An approximatiorof thesecondarnflux fx(1/2) in termsof primaryfluxeswill
be presentedater; here,it is treatedasknown. If cells areparallelepipedsthe lasttermin (18) is null as
Y ox X Zox = 0; thus,flux interpolationfor regulargridswill belinear, asfor the Piolatransformation.

In (17c), (V,2) rangesover thesquarg(0, 1) x (0,1). The secondangurfacecanbeplanar (vectorY o x
Z pointsin thesamedirectionfor all (¥, 2)), non-planar(the directionvarieswith (y, 2)), or twistedplanar
(the vectorpointsin oppositedirectionsat (y,2) = (0,0) and(1,1)). For twisted planarfaces,expressions
suchas|Y a x Z x| dydz becomesuspecbecauseucha facewould beexcludedin the2-D mappingfrom a
distortedbut corvex quadrilaterato the unit square suchmappingsareimplicit to this work. This behaior
affectstheaccurayg of the cell-velocity interpolationfunction,discussedn subsequergections.

5. PIOLA TRANSFORMATION

ThePiolatransformatiorrelatesvectorvaluedfunctionson ahexahedrormQ to onesonthe reference:ube@
in amannerthat preseres normalfluxesacrossprimary cell facesandpartsof faces.For velocity interpo-
lation on hexahedralmesheswe mustdefinesuchfunctionson Q, given certainvaluesor functionals(e.g.,

integratedfluxes) of thesefunctions.Let r (X,¥,2) = r(f) = (x,y,2) beasin (4). The Piolatransformation
takesavectorvaluedfunctionV on Q to v on Q definedby

~ Dr(f),

V(r(r)) - J(f) V(r)7 (24)
whereDr is the Jacobiarmatrix of r andthe Jacobian] is its determinantThen[8, 9]
/ v.n(s)z(s)ds:/ﬁ-ﬁ(é) 2(r(8))d, (25)
aQ 0Q
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7

wheredQ is theboundaryof Q, n(s) is theoutwardunit normalvectorats € 0Q, zis ascalasvaluedfunction
(notnecessarilyontinuous)n dQ, andf($) is the outward unit normalvectorat § € 9Q. It is assumedhat
vV andz aresmoothenoughsothattheintegralsin (25) make sensez canbe choserto be 1 on somepartsof
0Q andO elsavhere.Thus,(24) preseresnormalfluxesacrosrimary cell facesandpartsof faces.

We needto generalizg25) to interior faces suchasthosefor a fixedX. The standarcbasisfunctionson
the referenceelementQ, associatedvith primary facefluxes,arethe lowest-orderRaviart-Thomas(RT)
functions[10]. Correspondindo the facesx = 0,1,y = 0,1, Z= 0,1, respeciiely, arethe velocity fields
oxo = (1—)2,0,0), \')X1 = ()2,0,0), oyo = (0,1—9,0), Oyl = (O,V,O), 020 = (0,0,1—2), 021 = (0,0,2) Thus,
U1 hasflux 1 acrosghefaceFy atX = 1, flux 0 acrosgheotherfive primaryfacesandflux c acrossnterior
faceFyc atX = c. Thenormalvelocity components constanbn suchfaces.

Let ¥V = Uy, anddefinev by (24). AppendixC shawvs that

/v-nzds:[ cz(r($))ds, /v-nzds:O, (26)
Fxc Fxc ch

sothatfluxesof U acrossinterior facesand partsof suchfacesare presered. By linear combinationsthis
generalizesat onceto ary imageof an RTy function (Piola-transformedrelocity) on Q. It follows that
the transformednormal componentv - n(s) on Fyc mustbe V- A(S)/T'xc(5) = ¢/T'xc($), pointwise,where
Ixc denoteghe surface Jacobiaron Fyc, sothatv - n is proportionalto 1/ .. Considerthe following two
propertieof avectorvaluedfunctionq on Q:

(P1) Thefluxes fx(X), fy(y), f(2) varylinearly with X, y, Z, respeciiely.

(P2) Thenormalcomponents - ng, q- Ny, q- N areinverselyproportionalto the surfaceJacobiangY x Z|,
|Z x X|, |X x Y|, respectiely.

Theng on Q is the Piola transformof an RTy functiong on Q if andonly if q satisfiegP1) and (P2).

The “only if” part follows from the linear variation of fluxes of RTy functionson Q and the flux-
preseration propertieg(26) andgeneralizationskor the “if ” part, let q satisfy(P1)and(P2).On Q, there
is a uniqueRTo function § with fluxes f,(0), (1), ,(0), fy(1), f,(0), (1) on the facesFo, Fa. Ry,
F1, Fo, Fz, respectiely. ThePiolatransformof § satisfiegP1)and(P2), with the samefluxesandnormal
componentsisq everywhereon Q. Sinceavectorvaluedfunctionis uniquelydeterminedy its threenormal
componentsteachpoint,q mustbethePiolatransformof §. Notethatoneconsequencef thisdevelopment
is thatthe Piolatransformatiordictatesthelinearflux interpolationin (19).

In 2-D, it follows thatfor ary quadrilaterakell Q, a uniform flow q is the exact Piolatransformof an
RTy function. To seethis, let the verticesof Q bevgg, V10, Vo1, V11, With the bilinearmapping

r=(1-%)(1—Y)Voo+X(1—Y)Vio+ (1 —X)YVo1 + XJv11. (27)

OnecheckseasilythatX = a+yb andY = c+ Xd, for constantectorsa, b, ¢, d. Theinterior edgeat fixed
Ris parallelto Y = (dx/ay, dy/ay)T, andtheflux of q acrosshis edgeis theintegral of g - ng|Y| from0Oto 1,
whereng is theunit normalto Y, and|Y | is theedgeJacobianBecauseyg|Y | = (dy/dy, —0x/0y)" = e+ %f,
for constanwectorse, f, theflux acrosghefixedX edgeis g - e+ Xq - f, whichvarieslinearly with X, verifying
(P1). TheedgeJacobiar]Y| is constanfor fixedX, asis the normalcomponenty - ng, verifying (P2).Thus,
in 2-D, thelinearflux interpolationL fy in (19) is exactfor uniform flow.

The3-D situationis quitedifferent,asshavn by thequadraticallyaryingfluxesof uniformflow in (18).
A simpleexampleis the“truncatedpyramid” hexahedrorQ (Figure3a),whosebottomfaceatz= (s —s1) /2
(z=0) isasquareof sidesy (—0/2 < X< %/2, —50/2 <y < 5/2), andwhosetop faceatz= (s; — ) /2
(z=1)isasquareof sides; (—s1/2<x<5/2,-5/2<y< 5/2):

X = a(28—1)/2,y = a(2—-1)/2, 2 = (2—1/2)(s1 ), (28)

wherea = 5+ 2(s; — ). Thefour lateralfacesareplanartrapezoidgseeFigure3a). For vertical uniform
flow g = (0,0,1), theflux acrosshorizontalinterior facesfor fixedZ is the cross-sectionarea,

f(2) = [(1-2s+2s)% (29)

final _report.tex; 6/11/2001; 9:04; p.7



Flov
S, Vo L
Flow
000 Vooo
a. Truncatedoyramid. b. Tentwith curvedroof.

Figure 3. a. Hexahedralcell in form of a truncatedpyramid. Uniform flow parallelto vertical z axis, asindicatedby arrow, is
assumedsy ands; indicatethe lengthof the lower andupperedgesrespectiely. b. Hexahedralkell in form of atentwith curved
roof. Uniform flow parallelto horizontalx axis, asindicatedby arraw, is assumedDash-dotlines shaw maximaand minima of
saddlesurfaceforming cell facez = 1. For bothfigures,verticesvggg andvy 13 areindicated;seeFigurel for orientation.

A Piola-transformedRT, functionwith the correcttop andbottomfluxeshaslinearly varying flux
L) = (1-2)f,(0)+2f,(1) = (1 -2+ 28. (30)

As (29)and(30)donotagreePiola-transformedRT functionscannotrepresenauniformflow field exactly

in 3-D, evenon suchasimpleelementQuadraticlux interpolation(18) treatsthis case.
Anotherexampleis a “tent with curvedroof” (Figure3b) with unit squarebaseatz= 0 (Z= 0), vertical

lateralfaces heighthy attwo oppositevertices(0, 0, hg), (1,1,hp), andheighth; attheothertwo vertices:

x=%,y=Y, 2= (ho[(1-X) (1Y) + %y + h[(1-X)y+X(1-9)])2 (31

For horizontaluniform flow q = (1,0,0), by symmetrythe flux acrossthe curved roof F,; atZz=1is 0

(this alsofollows from the divergencetheorem).An arbitrary Piola-transformedRTo functionv with flux

0 acrossF is alinear combinationof the transformsvyg, V1, Vyo, Vy1, Va0, V21 Of the six referencebasis
functions.By (25), thetransformsotherthanv, have vanishingnormalcomponentn F,, pointwise.Thus,
the contribution of v, to v hasflux 0 acrosd, sothatits coeficientin thelinearcombinationis O; hence
v -n vanisheon F», pointwise.Sinceq - n # 0, q is not a Piola-transformedRT, function.More generally
a 3-D shape-functiorspacewith (a) degreesof freedomcorrespondingo facefluxesand (b) pointwise
preseration of null normal componentsacrosssuriacescannot,for generalhexahedrathat are trilinear

imagesof a referencecube,containthe constantvectorfields. This examplepointsout issuesof pointwise
velocity interpolation,asopposedo integratedflux interpolation,andthe difficulties of treatinghexahedra
with non-planarfaces.

6. VELOCITY INTERPOLATION
Givenprimaryfacefluxes fox(0), etc.,andsecondarfluxes fx(1/2), etc.,this sectiondeterminesnterpo-
lated velocity approximationsat ary pointf in a cell Q. We build theseapproximationgrom components
that parallel the covariantvectorsX, Y and Z. For the exact Dargy velocity q(f) thesecomponentsare

designatedx (f), gy (f) andqgz(f), with

q = Ox +0y +0dz- (32)
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ThemagnitudeJg () of thevelocity normalto anarbitrarysurfaceatX, with unit normalfiy, is
Ug = g-Nng = Ox N, (33)
becausey- gy = ng-qz = 0. Corversely if thenormalcomponent(X, ¥, 2) is specifiedthen
_ Ur(®R9,29)|Y x Z|(%,2)
satisfieq33). Thus,in theory a shapdunctioncanmatchanarbitraryUg, andsimilarly for gy andqz.
Equation(34) is too general;practicalshapefunctionsthat specifyUx(X, ¥, 2) mustbe defined.Therel-

evant unknavns for CVMFE are primary facefluxes fox(0), fi(1), foy(0), fiy(1), fo-(0), f1-(1); hence,
Uz(X,9,2) shoulddependon foc(0), f14(1), andpossiblythe others.The Piolatransformatiortakes

R A X
qX(X,y,Z) X(y,Z) :U25|Y XZ‘ (34)

oo (1=Xfa(0)+ R (1) LK(R)
SRR TN ZIRY V2GS o
which we verify by checkingpropertiegP1)and(P2).For (P1),asin (14),
1 p1
W0 = [ [ U 9.2IY x Z/(%,9,2 dgd2 = L), (36)
o Jo

and(P2)is immediate Thepotentialshortcoming®f thePiola-transformeghapdunctionshave beemoted
in previoussectionsandwe thereforeconsideralternatvesto propertiegP1)and(P2).
Thefluxesof uniform flow canbe matchedexactly if wereplace(P1)with

(U1) Thefluxes fx(X), fy(y), f2(2) vary quadraticallywith X, y, Z, respecirely, in themannerof (18).

Here fa(1/2) mustbe determinedoy fox(0), fix(1), andpossiblythe otherprimary fluxes,in waysto be
describedater Because uniform flow hasconstanhormalcomponenbn a planarface,consideralso

(U2) Thenormalcomponents) - ng, g - Ny, d- Nz areconstanbninterior faceswith fixedX, y, Z, respectiely.

For afixed=x interior face,with flux fy(X), (U2) requiresthat

Ux(%,¥,2) = 1(X)/Ax(X) (37)

(unlike (P2),for whichUz(X,¥,2) = fx(X)/|Y x Z|(X,¥,2)), whereAy is the surfaceareaof theinterior face:

1 p1
AdR) = /0 /O Y x Z|(%¥,2) dyd2. (38)

Only if theinterior faceis planaris this straightforvard to computefor all X, making (U2) somevhatim-
practical.lt alsomatchesuniform flow pointwiseonly underthosecircumstancegin generaljf thenormal
directionchangedy O(1) acrossahexahedrakell of size O(1), asit can,thenupontrilinear refinementhe
directionwill changeby O(Ax) acrossarefinedhexahedrorof size O(Ax); thus, first-orderaccurag in the
pointwiserepresentationf uniform flow is the bestthat onecanhopefor.) Accordingly we formulatethe
less-restrictie propertythatrequiresconstang atthe ends(primaryfaces)only:

(UE2) Thenormalcomponents) - ng, q- Ny, q-Nn; areconstanbn the primary cell faces.

Property(UE2) doesnot specify how normalcomponentyary in the interior; this variationwill be a by-
productof combinationf (UE2) with theflux variations(P1)and(U1).

A simplemodificationof the Piola shapefunctionsthat suficesto representiniform flow on the “trun-
catedpyramid” is thereplacemenof linearwith quadratidlux interpolation,combining(U1) with (P2):

(1—R) for(0) + R (1) —R(1—R) fa(1/2)  Q(R)

Ue5,2) = Y xZ[(%9.2 IR %)

(39)
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For elementswith variablesuriaceJacobian®n primaryand/orinterior faces combine(P1)with (UE2):

A A A - fOx(o) Ale(l)
o —(1— 4
Ug(X,¥,2) = (1—X) 0 Oy + X ) O1x, (40)
where v Z0d(9.2) v 200(9.2
ox X Lox|(Y,Z x X Lax|\Y,Z
Clox Y x Z|(X,Y,2) ’ a Y x Z|(X,Y,2) (41)

At X= 0 andX = 1, (40) reducego the form of (37), with constanthormalcomponentThe interpolated
flux is asin (36), which is the reasorfor the factorsop, anday in (40). An analogousievelopmentwith
quadraticallyaryingflux combinegqU1) with (UE2) to obtain

oo 5 o fox(0) , fix(1) orq o 2x(1/2)
Ug =(1-X)—«a — 01— X(1— o 42
wherea,, andAyy arediscussedbelon. For thesecondarysurface, two alternatvesaresuggestedor ay:
Y ox X Zox| (Yox X Zox) - Wox
= == 5 = 4

WhereYZX(i) =Y1x— Yox sz()‘/) =Z1x— Zox anszX is definedas

W = /0 ' /0 "V ax(3) X Zox(§)) dl2 — /O o) d2 /O 2o §)09 = Yo(1/2) x Zon(1/2).  (44)

To showv the secondequalityin (44), write out eachcomponenbf the crossproductin the vectordouble
integral, obsenre that the termsin the resultingscalardoubleintegrals can be factoredinto scalarsingle
integrals,andfinally reassembléhesento thecomponent®f a crossproductof vectorsingleintegrals. The
lastequalityfollows from the linearity of Y x andZ 4 with respecto Z andy, respectiely. Relatedto these
two alternatvesaretwo alternatve definitionsfor the areaA,x of the secondangurface:
WZX‘ a2 = [Wal.  (45)
2x

1 41 1 1
Ax 1 = / / Y 2x X Z x| dydZ, Ap o = / / (Yox X Zx) -
o Jo 0 Jo W

Both expressionsn (43) are approximatefor non-planarsecondaryfaces.For twisted planarsecondary
faces,Aox_1 is incorrectbecausat is basedon a mappingfor a corvex region and preventscancellation
of oppositedirectionsin Y o, X Zoy; Aox_2 IS correctin this caseanday, » shouldbe superiorto a1 as
thetwisted-faicedifferentialareais usedin the constructiorof thisratio. For planar non-twisted secondary
faces,(Yax x Z)(Y,2) is apositive multiple of Wy, sothatbothformsin (43) and(45) producedentical
results.

For thevelocity magnitudethoughotherformshave beenstudied we have foundthat(42) performswell
becausehe ratios (41) and(43) adjustthe magnitudeby comparinga differentialelementon the interior
surfacewith oneon the cell surface.In contrasto Ug(X,V, 2) of (33), the approximatevelocity magnitudes
in (40) and (42) becomeconstanton the cell facesat X = 0 and X = 1. This resultsbecausg40) and
(42) arebasedon theflux interpolationfunctions(19) and(18), respecitrely; theseinterpolationfunctions
assumebulk fluxesatthe cell facesto approximatethe bulk flux on a congrueninterior face.This level of
approximatioris consistentvith thediscretecontinuityandDargy equations(9) and(13).

UseUy from (42) to approximate34); thentheapproximatiorVy of qx in (34) is

X . . . .
Vx = j[(l—x) Bxo fxo + XBxa fxa — X(1—X) Bz fx2] (46)
where f,o = fox(0) and fyx = fi1x(1) arethe actualfluxesacrosscell facest = 0 andX = 1, and fy, is the
secondarylux to be determinedater Theratiosf, andByx; andthesuggestedilternatvesfor By, are

B B Y xZ Y xZ B (YZXXZb()-ng
X0 — Ax Ax )221’ x2—1 A2x_1 ) X2—2 — |W2x|2

. (47)

) BX].:‘

%=0
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Similar expressionganbe derivedfor interpolationfunctionsin theY andZ directions:

Y ~ R N ~
Vy = L= 9)Bofyo+ 9Bt — 91— 9) B fel. (48)
7 N R N ~
Vz = j[(l—Z) Bofo+2Bafa—2(1-2) B f2], (49)
where
Z x X Z x X X xY XxY
RIS St
YO A lyo y Y Az |59 Az o
By2-1 = [Z2y x Xay| Byo—2 = (Zay x Xzy) -Woy
Ay-1 Wal2 7
Br-1 = [X2z X Y 2| B2 = (Xaz X Yox) - Wz
- A - |Wf?.

The associatedecondaryectorsare Xoy = X|y—1 — X|y=0, Zoy = Z|y=1 — Z|y=0, X2z = X|3=1 — X|3=0 and
Y2, = Y|3=1— Yl|s=0; fyo, fy1, f0 and f, arefluxesacrosscell facesaty=0,y=1,Z=0andz= 1, and
fy> and f, arefluxesassociateavith the secondaryacesin thelogicaly andz directionsAreasAy()‘/) and
A;(2) aresimilarto (38) andsecondaryreasiyy_1 andAy, 1 aresimilarto Ay_1 in (45).

Thecell approximationV ¢ of thevelocity g canbe obtainedirom theserelationsas

Ve = Vx+Vy+Vz. (50)

For uniform flow, where (18) is exact, V. canequalq provided that all cell facesare planar; however,
becauseof possibleerrorsin the velocity magnitudecorrectionratios By, By2 and B, for the secondary
face,this equalitymaynot hold. This discrepang will bediscussedurthersubsequently

7. VELOCITY SHAPE FUNCTIONS

This sectionfinalizesthe shapefunctionsby developingaccurateapproximationgor the secondanyfluxes
fx2, fy2 and f, in termsof theprimaryfluxes fyo, fx1, fyo, fy1, f0 andf,1. Theexactrelationfor fy, is (17c)
with X = 1/2; onecould propose(50) to approximatey in (17c), exceptthat V. itself requiresknowledge
of fx, fy2 and f,. We proposejnsteadto approximateg in (17c) with abulk value(q) for thecell Q. The
approximationf,, for thesecondarflux f,, would thenbe

fo = // (Yox X Z2x)dydZ = (q) - Wy, (51)

whereW oy, derivedin (44), is a bulk equivalentof Y o x Z, thatalsoappearsn (43) and(45) to correct
for twistedplanarsecondaryaces.Thefactthat|Wy| givesthe correctareafor atwistedplanarsecondary
faceinspiredthedifferentialareausedin theseexpressionsFor thebulk cell velocity (q), we propose:

1
<q) = é[VC(Oa 07 0) + VC(la Oa O) + VC(07 17 O) + VC(07 07 1)
+ Vc(l, 1, 1) + VC(Oa 15 1) +VC(1, 0, 1) + VC(l, 1’ 0)] - (52)

Thatis, the cell velocity V atthe cornersis averaged At the cornersthe secondaryluxesarenot needed
in V¢, sothatwe canwrite

VC(iajak) = [fxix(jak) Bxi(jak)+fyj (' k)BYJ(l k)+l¢zkZ sz /J (53)
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wherei = 0,1; j = 0,1; k = 0,1. With (51), (52) shouldproducea reasonablestimateof the secondary
flux, fx; for uniform flow, it is exact. AppendixD shaws that, for a generalsmoothvelocity field g, this
approximatiorpreseresthe second-ordeaccurag of thequadratidlux interpolationQfy, asin (22).

This shavs that fy, canbe approximatedasa linear combinationof the primary fluxes fyo, fya, fyo, fy1,
f0 andfx, andsimilarly for fy, and f,. Thegenerakecondary-fluxapproximatiornis, for K = x, y, or z, and
I=0,1:

fKZ = I'oo fxo+ Fexa Fxa + Fiyo fyo + Neya fyr + ko f20 4 Met F1, (54)
. W2K Bxi (M, p)X(m, p)
Mext = 3 % aa,m, p ) (55a)
W2K Byl (ma p) (ma p)
Myl = - : (55b)
v 8 WZOF;) ‘](malap)
oy = Wac, i = Ba(m p)Z(m p) (550)
8 m:OpZO ‘](ma pal)

Here, J(X,Y,2) is the Jacobianin (5) and By, By andB, areasin (46)—(49). Equation(54) follows by
substituting(53) into (52) and(52) into (51). Following (44), thebulk vectorsW,, andW, are

1,1
Way= / / (Zay(R) x Xay(2)) dRA2 = Zay (1/2) X X2y (1/2) , (56a)
0 Jo
1,1
W= /0 /O (X22(§) X Y 22(R)) dRAY = X2z (1/2) % Y 25(1/2) . (56b)
Theseformscompletethe velocity interpolationfunctionsVy, Vy andVz in (46)—(49).

Now shapé&unctionscanbeobtaineddirectly from (50) by collectingcoeficientsof fyo, fu1, fyo, fy1, f0
and fx. In termsof shapeunctionsvyg, Vx1, Vyo, Vy1, V0 andv,, thecell velocity becomes

Ve = Vs + faVxa + fyoVyo + fyaVyr + foVao + faVa, (57)
where

Vo = J[1-RXBo-X(1-R)XBarxo ~I(1-9)Y Baryo— A1-2ZParsa,  (582)
Va = %[ix Bxt — X(1— %) X Barxa — Y(1—9) Y Byarya — 21— 2) Z Bor 2l (58b)
Vo = %[(1— Y)Y Byo—R(1—R) X Brryo = Y(1=9) Y Byoryyo — A1~ 2 ZBorzp],  (58¢)
Vi = 3 [yY Byr — X(1—R) X BraFsr — (L —9) Y Byaryys — 21— 2) Z Bl o], (58d)
Vo = %[(1— 29ZBo—R1—R) X Balxo — Y1 =) Y Byalyn — 21— 2) Z Bl 0], (58e)
Va = }[zz Ba— (1 %) X Bearxa — 9(1— )Y Byalya — 21— 2) Z Bl 2a)- (58f)

ProperlyreconfiguredV from adjoining cells approximateVi, 1/, j k of (12). For acell Q; j k, the shape
functionsareasin (8) andcomplywith property(10); thatis, adiscretecontinuityequationis formulatedfor
Qi j k- This completeshe CVMFE method.Notethatif normalcomponentsvereapproximatedvith linear
forms suchas(40) insteadof (42), thenonly thefirst termin eachof (58a)—(58f) would remain(alsosee
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referencd4]). Becausef thecomplity of the shapeunctionsandthetestfunction (11), theintegrations
in (13) were calculatedwith a very precisequadraturethe effect of quadraturewill be investigatedin
the future. The resultingalgebraicequationsvere solved with the Schurcomplemento decouplethe flux
equationgrom the pressureequationsfollowed by a variantof theiteratve schemeof [11].

Theshapdunctionsfor 3-D hexahedrakellscanhave aquadratiddependencerhenthesecondaryluxes
arenonzero.This conditionoccurswheneer a cell hasnon-paralleloppositefaces;only regularmeshesr
irregularmesheswith a 2-D aspecwill retainstrictly linear shapegunctions.For uniform flow, theseshape
functionscangive exactvelocity resultsif the hexahedralcell hasplanarprimary (exterior) andsecondary
facesMeshconstructiorcanusuallyproduceplanarprimaryfaces put planarsecondaryacescanbe more
problematic,andthe distortion on the secondarfacescanbe rathersevere.In particular secondaryfaces
canbenon-planaevenwhenall exterior facesareplanar Planarsecondaryacescanbeforcedby insisting
thateachcell have atleastonepair of paralleloppositefaceshowever, thesesecondaryacesnaybetwisted
aswell asplanar

8. UNIFORM FLOW TESTS

Uniform flow shouldbeapproximatecccuratelyn any numericakimulationof flow throughporousmedia,
andCVMFE usuallydoesso.However, accurag canbelostin certaincaseof irregularcells, particularlyif
eitherthe primary or secondaryell facesarenon-planarConsidemon-planaiprimary, exterior faces.Two
of thethreecovariantvectorsaretangento every exterior face,andthe velocity shapgunctionsdependon
thesevectors,sothatapproximatevelocitiesnearnon-planafacesshouldbe curved alongwith thesefaces,
deviating from a uniform flow field. The“tent with curvedroof’ in Section5 is anexample.For secondary
facesthereasonings lessclearbut likely similar.

Theerrorbetweersimulationsandexact, uniform flow is measureavith the L2 norm

1/2
L? = {ZQT [(ﬁ—fi)/Aq]z/er} : (59)

where for all facesF € Q, f; and f; arethe estimatedandtrue fluxes, A is the area,and Q! is the control
volumestraddlingF. Thenumeratoiof (59) is a discretevolumeintegral of the squareof the velocity error,
andthedenominatonormalizegheerrorto beindependendf thedomainvolume.in thetestproblemswith
a dominantlinear flow direction,the meanvelocity will be 1; in the next section,for a non-uniformflow
testwith cornerto-cornerflow, it will beof orderl. Thus,thereported.? normscanberegardedasrelative
errorsandcanbecomparedrom onetestto another

Threedifferentcoarsemeshesvere usedin the uniform flow tests:in testsl and 2, cells were quasi-
randomwith planarprimaryfaceswhile theverticesof test3 wererandomandall interior primarycell faces
werenon-planarThedomainQ wasaregularcubein all casesvith 4x4x4 coarsamesh Eachdiscretization
wasrefinedsmoothlythroughthreelevels. At eachlevel, eachcell wasdividedinto eightsubcellshalvingit
in thereferencecubein eachdirection.Thisyieldedrefinedmeshe®f 8x8x8,16x 16x 16 and32x 32x 32.

In test1, irregular cells with planar quasi-randonfaceswere generatedstartingwith randomvertices
on threeadjoining exterior facesof Q. Theseverticeswere createdfrom a regular meshon eachfaceby
multiplying eachregularvertex locationby a randomnumbercloseto one.Startingat the cornerwherethe
threeexterior facesmeet,cellswerecreatedoy connectingverticesof threeexisting cell facesto aninterior
verte, requiringthatthe new cell facesforming this connectiorbe planar This resultsin interior cellswith
planar quasi-randonprimaryfacesThesecondaryacesof cellsin thisgrid arerarely, if ever, planar In test
2, therandomverticeson the threeadjoiningexterior facesof Q wererequiredto fall on parallelgrid lines
perpendiculato the x direction(Figure4). This affectsprimarily the x cell faceswhich areall paralleland
follow the grid lines perpendiculato the x direction.They andz cell facesremainquasi-randonafter the
inward projectionprocedureput areconstrainedn sharingverticeswith the x faces.The chief difference
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Figure 4. Threeexterior facesof the test2 domainthat sharevertex (0,0,0).Fold up the left (y2 facealongthe y-axis andthe
bottom(x2) facealongthe x-axis.

betweerthe two typesof gridsis thatthe secondaryacesof cellsin thetest2 grid are always planarbut
occasionallytwisted. The coarsemeshfor test3 wascreatedoy randomlyperturbingthe vertex locations
of aregular 4x4x4 grid; the verticeson 0Q were perturbedonly within the planeforming the surface.
Noneof theinterior cell facesvereplanar Therandomperturbatiorwaslimited to a maximumof 5% of the
unperturbeaell dimensionthis smallamountof grid distortionmayeasilybe expectedn flow simulations.

In test1, whereall x, y andz arequasi-randomthe uniform flow q = (1,0,0) wasimposedvia homo-
geneouK andappropriatelux boundaryconditions.It is thensimpleto calculatethe exactfluxesacross
the interior facesof the discretizationIn test2, with quasi-randony andz faces,similar flux conditions
wereimposedto obtaing = (1,0,0) and(in a separatealculation)q = (0,1,0). Thesetwo differentflux
conditionswereusedbecausegn the average thetest2 meshis anisotropic.The uniform flow in test3 was
diagonalacrosghe mesh.from cell Q111 to cell Q44. Resultsfrom the non-linearvelocity shapeunctions
(sf1, sf2) developedhereinare comparedwith linear velocity shapefunctions(sf0); explicit forms for sfO
canbefoundin [4]. Heresfl andsf2referto secondary-fluxorrectionfactorsyo_1, By2—1, B2—1 andBy_»,
Byz—2, B2—2, respectiely, in (46). TheL2 normresultsarein Tablel.

For test1, the non-linearshapefunctions(sfl, sf2) are superiorto the linear ones(sf0) over the entire
rangeof meshrefinemen{1x—8x) by oneto two ordersof magnitudeThus,thequadratidlux interpolation
(18) hasa substantialmpactonthesecond-ordeerrorin velocity interpolation particularlyon coarsegrids,
whichareimportantin practice For thenon-linearshapdunctions thereis little differencebetweerthetwo
correctionfactors,andresultsbecomeidentical asthe meshis refined.For eithersfl or sf2, the L> norms
arenot large in ary case;this probablyreflectsthe moderatedegree of distortion containedin the mesh.
With the first and subsequentefinementsthe cell facesbecomeslightly non-planaraddingsomeerrorto
the solution. This may explain the slightly smallerreductionfactorsfor the first refinement.Subsequent
refinementsreducethe L? norm by a factor of 3.3 to 3.7, asthe effect of non-planaritydecreasesThe
reductionfactorsfor sfOare5 to 5.5; asthesecondarylux becomesessimportantwith refinementthecells
becomecloserto parallelepipedsandsfO L? normscomecloserto thoseof sf1 andsf2.

For test2, with parallelfacesin the x directionandflow in the x direction (x fd), the L? norm results
for the coarsagrid (1x) aretwo ordersof magnitudegreaterfor sfO thanfor sf1. However, afterthreemesh
refinementg8x), theratio betweensfO andsf1 is only a factor of three;the morerapid reductionof this
ratio here,relative to the test1 case probablyreflectsthe stronglydiminishedimportanceof the secondary
flux with meshrefinementFor x fd, thenon-linearshapeunctionssfl andsf2 give very differentresultson
the coarsagrid (1x); sf2 reflectsanexactsolution. This doesnot occurfor sfl becauséhe randomgrid, in
this case produceplanarx-directionsecondaryaces someof which aretwisted.While the sf2 correction
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Tablel. L2 normresultsfor uniform flow tests Test1: all cell facesandomandplanar;flow in x direction.
Test2: cell facesy and z random;x facesparallel; all cell facesplanar Test3: all verticesrandom:;all
internalfacesnon-planargdiagonalflow. sfO: linear shapeunction[4]. sfl: non-linearshapeunctionusing
first secondanflux correctionfactorspyo_1, etc.sf2: samewith Byo_», etc.fd: flow direction.*: < 1010

‘ test H grid refinementL.2 norm ‘

‘ no ‘ case H 1x 2% 4x 8x ‘
sfo 3.591x 10794 7.103x 10795 1.286x 1095 2.344x 10796
1 sfl 6.098x 1096 2.111x 10796 6.453x 10797 1.737x 10797
sf2 6.116x 10796 2.111x 10796 6.452x 10797 1.737x 10797
sf0, x fd 1.817x 10703 3.176x 10794 5.777x 10795 1.070x 1095
sf1,x fd 1.862x 10705 3.608x 10795 1.202x 10795 3.311x 10796
2
sf2,x fd exactt 3.599x 1095 1.202x 1095 3.311x 10796
sf0, sf1, exact 1.666x 10~ 5.210% 10-%6 1.401x 10~
sf2,y fd
sfo 1.232x 10794 4.045% 10795 1.151x 1095 3.199x 1096
3 sfl 1.039x 10794 3.940% 10795 1.137x 10795 3.182x 10796
sf2 1.038x 10794 3.940x 10795 1.137x 10795 3.182x 10796

factorscan compensateompletelyfor twisted planarfaces,the sfl correctionfactorscannot.Both non-

linear shapefunctionsproducenearlyidentical L?> normswith the first refinement(2x) of the mesh,and

both degraderelative to theinitial mesh(1x). Thisis likely dueto the introductionof non-planamprimary

facesin the 2x refinedmesh.With refinementthe tendenyg for a planarsecondaryfaceto be twistedis

reducedandthe L? normsfor sfl1 andsf2 becomeidentical. For both sf1 and sf2, the secondrefinement
(4x) producesareductionin the L2 normof about3; with thethird (8x), it increaseso 3.6. Thereduction
factorfor sfOis about5 for all refinements.

They flow directionresultsfor test2 areessentiallyidenticalfor all threeshapefunctions(sfo0, sf1 and
sf2); this is becauséhe secondaryfacesare orientedsuchthatthey canbe influencedonly by flow in the
x direction, regardlessof refinement.To seethis, notethat by (44), (56a),and (56b), Wax = Y 2«(1/2) x
Z(1/2), with analogousxpressiongor Wy, andW,; the X, = X1 — Xg vectorsaredifferencesf vectors
that have the samex-componentwhich is equalto the distancebetweerthe parallelplanesnormalto the
x-axis, hencethe X, vectorslie in theseplanes.The Y, andZ, vectorsalsolie in theseplanes;hence all
crossproductsin the W, vectorsareparallelto the x-axis. Thus,the fluxes fy, for the secondaryacesare
null for for eithersfl or sf2; assfO doesnot includethe effectsof a secondaryflux term, all threeresults
areidentical.For all three the solutiondegradeswith thefirst refinemen{2x), andsubsequentefinements
improve the L? norm by a factorof 3.3to 3.7. Theinitial degradationin the L? normis likely causedoy
non-planaprimarycell facesin therefinedmesh.

Test3 examinedthe effect of non-planarfacesjn arealisticscenarioof meshdistortion,onthe L2 norm;
anexactsolutionis not expectedunderthesecircumstanceslhe 2-D mesh-&cedistortioncanbe measured
by the sineof the anglebetweerpoleslocatedat oppositeverticesof a face;the averagesine of the largest
anglebetweenpoleswas0.03for the initial mesh(1x). Tablel indicatesthatthe flow field is fairly well
resoled for theinitial mesh,regardlessof the shapefunction used;sfl andsf2 areonly mamginally better
than sf0. Comparedto test1, it is apparenthat even the small amountof facial distortionin this mesh
degradesthe solution, maskingmost of the correctie effect of the quadratictermin sfl and sf2. With
refinement(8x), the averagesine of the largestangleon the non-planarsuriacesdecreasedo 0.003;the
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Tablell. L2 normresultsfor non-uniformflow tests Test1: homogeneoumedium;cornerto-cornerflow. Testle:
repeabf L2 normcalculationfor test1 with exclusionzonearoundflux boundaryconditions Test2: heterogeneous
medium.reg: orthogonalregularmeshsfl: shapdunctionusingfirst secondarylux correctionfactorin conjunction
with the quasi-randormesh sf2: shapgunction usingsecondsecondarnflux correctionfactorin conjunctionwith
thequasi-randonmesh.

‘ test H grid refinementL.2 norm ‘
‘ no case H 1x 2% 4x ‘

reg 1.504x 103 6.593x 10~4 3.436x 104

1 sfl,sf2 1.658x 103 7.117x 1074 3.704x 1074

reg 1.109x 103 2.407x 1074 4.638x 107°

le sfl,sf2 1.114x 103 2.478x 1074 4.766x 107°

reg 2.371x 1072 1.424x 102 6.922x 1073

2
sfl,sf2 2.489% 1072 1.473% 1072 7.086x 1073

decreasevasuniform andfirst-order Concomitanwith this decreasethe reductionfactorfor the L2 norm
increasedrom 2.6to 3.6.As expecteddifferencedetweerresultsfrom sf0, sf1 andsf2 dissipateastherole
of thesecondarylux dissipatesvith grid refinement.

9. NON-UNIFORM FLOW TESTS

In this section,second-ordebehaior of theflux truncationerror (22) is examined,aswell asnon-uniform
flow in heterogeneoumedia.For all tests,a regular anda quasi-randondiscretizationwere used;for the
guasi-randondliscretizationall x, y andz cell faceswererandomizedvith thetest1 proceduradescribedn
the previous section.Initial grids, beforerefinementwere5x5x5; the domainQ wasa regular cube.For
thequasi-randonmesheshnon-linearshapdunctionswith bothtypesof correctionfactors sf1 andsf2, were
tested.

In test1, with homogeneou&, non-uniformcornerto-cornerflow was obtainedby injecting a unit
flux on the threeexterior facesof cell (1,1,1) andextractinga unit flux from thoseof cell (5,5,5). With
refinementof the mesh,the flux boundaryconditionswere maintained preservingthe original facial area
of theappliedfluxes.In test2, a heterogeneousydraulicconductvity field wasgeneratedor a centralpart
of the5x5x5 cell mesh,occupying 3x5x5 cellsof the mesh.With a meanvalueof about100,K ranged
over threeordersof magnitude(althougha rangeof two orderswas mostcommon).The 1x5x5 groups
of cells at eachendof the heterogeneousonewereassigneda uniform K of 100; uniform flux boundary
conditionswereappliedover the exterior facesof thesecellsto createa meanflow in the x-direction.Grid
refinementpresered the structureof K. In thesesimulations the finest(40x 40x 40) discretizationwas
assumedo representhe“true” solution;L? norms,asdefinedin (59), wereobtainedby comparingcoarser
discretizationsvith thefinest.Intermediateliscretizationsvere10x 10x 10 and20x 20x 20. TheL? norm
resultsfor thesesimulationsaresummarizedn Tablell.

Notethatthe errorsaregenerallygreatetthanthoseof Tablel; thislikely reflectsthe non-uniformity of
theflow ratherthanshape-functiomssuesThatTablell shavsthesameresultsfor sf1 andsf2indicateshat
ary differencebetweerthemis overshadwed by the errorsdueto non-uniformflow. It is encouraginghat
the irregularmeshL? normsareaboutthe sameasfor the regular mesh,especiallyfor the unrefinedcase,
thoughit is not clearwhich aspect®f thetreatmenbf meshdistortionareresponsibldor this.
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For non-uniformflow in a homogeneousnedium(test1), the L norm decreasesvith eachmeshre-
finementby a factor of abouttwo, indicating first-order corvergence.Though (22) is second-order1]
demonstratethatconvergencewill bedegradedf therearesingularitiesn theexactsolution.Flux boundary
conditionson partsof thefacesof d0Q causesingularitiesatthe pointswherethenonzerdluxesmeetno-flow
conditions.In test1e, the L2 norm estimate(59) was modifiedto excludeerrorsfrom a zonesurrounding
eachof the flux boundaryconditions;thenthe L? norm decreasewith meshrefinementoy factorsvarying
from 4.5t0 5.2, in line with the second-ordecorvergenceexpectedfrom (22). For the heterogeneousase
(test2), theL? normresultsproduceratesof improvementwhichvary from 1.7 to 2.5 with meshrefinement,
suggestindirst-ordercorvergence.For a heterogeneougroblemwith mary internaldiscontinuitiesin K,
thisis expected asthesediscontinuitiescanresultin singularitiesin the exactsolution[1].

10. CONCLUDING REMARKS

The most generalconclusionof this investigationis that, for distortedlogically rectangulameshesthe
lowest-ordewvelocity shapeunctionsshouldnot vary linearly with spacejn termsof eitherthe velocity or
theflux. This resultsfrom a studyof flux conserationin ageneralhexahedrakell, wherea quadraticerm
is neededn orderto matchthe flux of uniform flow; this is demonstratedvith (18), andthe second-order
estimateof the error of quadraticflux interpolationis given by (22). In particular the linearly varying flux
of the Piolatransformatiorcannotmatchuniform flow on generahexahedrakells.

This quadraticterm, however, leadsto an additionalunknavn secondanyflux, fy,, which mustbe in-
dependentlyestimatedThe methodin (51)—(52) for this estimateis exactfor uniform flow; in generalt
is at leastconcordantwith the second-ordeflux approximation(18), asdemonstrateih AppendixD. In
addition,we have foundthatweightingsfor (42) suchas(41) and(43), which adjustthevelocity magnitude
by comparinga differentialelementin the interior with a differentialelementon the cell face,work well to
interpolatethe velocity magnitudeo theinterior.

Mesheswith non-planarmprimary and secondarycell faceswill leadto somedegradationin accurag.
Uniform flow testssuggesthat, aslong asthis type of cell distortionis kept minimal, overall accurag
is not greatly affected. In particular the L? flux error for a meshcontainingrather smoothnon-planar
secondaryfaceswas not excessie. Indeed,if atleasttwo facesof every cell canbe madeparallel,then
shapefunctionswhich compensatéor twisted planarfacescanapparentlyeliminatethis error. The costis
the lossof generalityin instituting anirregular grid. Second-ordecornvergencewasstrongly indicatedby
thereductionfactorsfor the L2 normsfor all the uniform flow tests.

In regionsaway from pointsof discontinuity the non-uniformflow simulationsn ahomogeneoumedi-
um alsoshav second-ordecorvergence.First-orderconvergenceis seenin non-uniformflow simulations
in heterogeneousiedia.Overall corvergenceof mostpracticalsimulationswhichwill have singularitiesor
pointsof discontinuity shouldbefirst-order

Theresultsreportedheredo notincludenon-smoottrandom” refinementsin which angulardeviations
do notdecreaséseediscussiorafter (23)). Preliminarycomputationshav the expectedfirst-orderconver
gencein mary casesandlessin someothers,possiblydueto severedistortionscausedy the constrained
procedurethat generatedhe refinedmeshesMore thoroughinvestigationsof randomrefinementswill be
reportedn thefuture.

11. APPENDIX A

A form, explicit in X, for thelogical x directioncrossproductY x Z, is derived;thelogical y andz direction
crossproductsaresimilar. From (4) anddefinitionsof the covariantvectors,
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whereYox = Y |3=0, Zox = Z|3=0, Y1x = Y |3=1 @andZ1x = Z|3—1. Manipulationof the crossproductgivesthe
desiredresult:

YxZ = (1 ) (YOXXZOX)+X (Y]_xlex)-l-X( )[leXZoX+Y0xlex]
= (1— )(YOXXZOX)—I—X(YD(XZD()— (l—X)[(YoX—le) (ZOX_ZIX)]- (61)

12. APPENDIX B

By (18) and(19) (scaledto anintenal of lengthAx, with x/Ax in therole of X), alongwith (21),

fx(%) — Qfx(x) / G(x,£) ”(E)dE+—(1—B() m(%"). (62)

As theareaboundedby thegraphof G(x, -) is atriangleof baseAx and(negative) heightx(x/Ax — 1),

X 1 X 1 ,x X
/0 Gx &) dE = x5 —1) = =588 (1- 1), (63)
Combining(62) with (63), we obtain

W09~ Q0 = [ 60u8) | (6) — g5 )| (64

We evaluatethe bracletedtermin (64), differentiatingfy twice, wherethe appropriateanalogueof (16)is

(00 = (1 5-) fock) + 5 T = 2 (1= 2 ) (¥ (65)

" 2 Axy 2, ¢ " 2 AX
O - oot ) = ~ O+ (1 ) B+ | ®) 1o 5|

4 1 2
s (Aix . 5) f(8) - = (1_ Aix) (E) + o t(®) + - T(E) (66)

This gives

Theexpressionsn (17a)—(17candsomerearrangemerthenyield (22).

13. APPENDIX C

To verify thefirstrelationin (26), definethesubelemen@y. of Q, consistingof pointsr (X,¥,2) for 0 < X<,
0<y<1,0<2< 1, andthelinearmappingl xc(X,¥,2) = (cX,¥,2). Thenr o Lyc mapsQ to Qyg, r o Lxc is
trilinear, andFy¢ is on theboundary(i.e., is a primaryface)of Qyc. TakingVxc(X,V,2) = (cX,0,0) on Q, we
applythePiolatransformatiorn(24)tor o Ly andr andobtain

Vxe(roLxe(f)) = (I(rolxe))(F)~ lD(rOLXC)(f)VXC(f) (I(roLxe))(F)™ D(“"—XC)( )(cx,0 )
[(3(r) (Lxe(F)) T Dr (Lxe(f))(2%,0,0)T = (I(r)) (Lxe(7)) 7 Dr (L xe(F))(c%,0,0)
= (3(r)) (Lxe(F)) 7 Dr (Lxe(7))¥(Lxe(F)) = V(1 (Lxe(F))) = V(r o Lxe(F))- (67)

Thus,thetransformedsectorvaluedfunctionsvyc andv take the samevalueson Qxc, andhenceon Fyc. Let
s denotethevariableon Fy¢, 6 on Ky, and$on Ky, with s=r(8), §= Ly(6), S=r o Lx(G). Now, because

c%,0
)
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Fxc is ontheboundaryof Qc, we canuse(67), (25), Uy A = c on By, andthefactthatthe surfaceJacobian
of Ly is 1 on Fy; to obtain

/v-n(s)z(s)ds: / vxc-n(s)z(s)ds:/ﬁ U A(B) 2T o Lxo(5)) d&
_ /F C(r o Lye(6)) d6 = /F cZ(r(9))ds, (68)

asdesired.
For thesecondelationin (26), similarly take QyC:[o bethoser(X,y,2) for0< X<1,0<y<c,0<2<1,
LYC(& ya 2) = ()25 Cya 2)1 andvyC()’za ya 2) = ()25 Oa 0) on Q Then

cVye(roLye(f)) = (I(roLye))(F)™ CD(VOLyC)( Yye(F) = (I(roLye)) (F)~eD(r o Lyc)(
= [(I(r)(Lyc(F))d 7 eDr (Lye(P)) (%,0,0)T = (I(r)) (Lyc( F
= U(Dﬂwdﬂ)lDWLWCD V(Lyce(F)) = v(r(Lyc(F))) = v(roLy(f)). (69)

An argumentlike (68) thenyieldsthe secondelationin (26).

14. APPENDIX D

We shav herethatthe secondanylux approximation(51), which completeghe definition of our velocity
shapefunctions,doesnot affect the orderof accurag of quadraticlux interpolation. From(17c), (18), and
(46),theexactsecondarylux to be approximatedy fy, is

1 p1
fe=fa(1/2)= [ [ a(1/2.9,9- (Yadd) x Za(9)) dydz (70)

As shavnin (64), scaledo X-dimensionAx, thecontrikution of fy, to theerror( fx — Qfy)(x) in thequadratic
flux interpolationin (22)is

L109~ Q09 = [ GxE) |- g e e (71)

In (71), integration producesa factorof Ax and G(x,&) = O(Ax); thesefactorsare cancelecby —2/Ax?.
Thus,to presere the second-ordeaccurag of (22), we seek

fo— fro = O(DXP). (72)

If (72) holds,thentheinterpolatedluxesQfy associatewvith thevelocityapproximatiorV ¢ of g in (46)—(50)
will maintainsecond-ordeaccurag.
From(51),(52),and(70), we seethat

fom fro = // [ Velit%,],K) - q(A—ZX,y,z>]-(Y2Xx22x)dydz (73)

Assumingasmoothrefinementsin thediscussioriollowing (23),Y ox andZ o are O(Ax), henceY o x Zox =
O(&x?). Thesumin (73) involvesdiscretizatiorin all threedirections,sothatwe mustconsiderefinement
in y andZ aswell asX. We seekthe error on the X-face,which is refinedin referencespaceinto 1/AyAz
subficesof y-dimensionAy andz-dimensionAz. By keepingthe samerelationshipbetweernreferenceand
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coarse-celcoordinatesindependenbf refinementwe keepthe sameX, Y, andZ vectorsandthe same
Jacobiand (otherwise we would have to rescale) Thus,on onesuchsubfice,we seek

Az fAY 1 AX
“to= [ [ |5 3 velitx itukad —a (5.5.2) | (Yoo Za) e
_ (szAyAz), (74)
sothatthe sumof theerrorson the subficeswill remainO(Ax?). The estimatethatwe prove below is
fror — fxor = O((AX + AY? + AZ) D AYAZ), (75)
which is a much strongerresult, shaving that the error of the secondaryflux approximationis negligible
comparedo thatof quadratidlux interpolation.

Split (74) into two termsT; andT,, replacingV¢ with q in T;. Apply the midpointintegrationrule in y
andzin T, to obtain

bz eyt Lo MX o s
Tl :/0 / é q(IAXaJAyakAZ)_q<?7yaZ> (YZXXZZX)dde

(e (2) e (2)) v

+O((AY? + A2)AXCDYAZ) = O((AX + Ay? + AZ)ACAYAZ), (76)

1 X AX Dy Az
= [5” q(le,JAy,kAZ)—q(???)

wherethelastequalityestimateshedifferencebetweerthe sumandthe midpointvalueof q.
For theremainingtermof (74), we have

Az rAy 1 . . -
Tz:/o /o 5. > (Ve—a)(ilx jAykAz) | - (Y2 x Z2() dyd2
= (Eox+E1wx+ Eoy+ E1y+ Eo, + E17) /2, (77)

wherethe E termsareassociatedavith the cell facesfor example,

Az Dy 1
Eox= / / 2T (Vx =) (0, JByKAD) | - (Yo x Zp) Ay (78)

In (78), qx andVx aremultiplesof X, asin (32) and(50). By constructionwith property(UE2) and(46),

X XY xZ|

Vy = =Bwfo=——-—f
X Jon 0 = 3 A0) X0

is definedsuchthatthe normalcomponent

1X-(YXZ)|Y xZ| fxo
V Ng = — f - 7
XM= I XZ] A0) 7 A(0) (79)
is constanbntheface.By (79),Vx satisfies
L (Vx -ng) (0, jAy, kAz) = o (80)
= X - ! .
4. ZO ) A(0)
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Now by (14) andthe midpointintegrationrule,
Az pDy
fxo = /0 A ax - (Y x Z)dydz = (gx - (Y x 2))(0,Ay/2,Az/2)AyAz+ O(AyAZ(AY? + AZ)),
Az pAy
A(0) = / / Y xZ|dgd2 = |Y x Z|(0,8y/2,A7/2)AyAz+ O(LyAz(Ay + AZR)),
o Jo

bo_ (@ (Y X 2))NQ8Y/282/2) | o n2\ 02) — (gy-ng)(0,8y/2,02/2) + OBy + A7)

A0) Y xZ|(0,4y/2,02/2)

1

= % Z (ax - nR) (0, jAy, kAZ) + O(Ly? + AZ). (81)
=
By (80)and(81),
1
% Z (Vx —ax) - ng)(0, jAy, kAZ) = O(AY? + AZ). (82)
Now

IAYARFIA\Y
/0 A (Vx —ax) - ng|Y x Z|(0,¥,2) dydz = fyo— fro =0,
hencefor some(Yo, %) we have
N A X oA
0= ((Vx —ax)-ng)(Yo,20) = (|Vx —Clx|m'n>‘<)( 0,20)

whence(Vx — qx) (Yo, 20) = 0, whichimpliesthat
Vx —ax| = O(8y+Az). (83)
Becausenz(0, jAy, kAz) = ng(0,Ay/2,Az/2) + O(Ay+ Az), (82) and(83) give

Al

1
Z (VX - qX)(oa JAya kAZ) : nf((oa Ay/za AZ/Z)
j,k=0

= O(AY? + AZ) + O(By + AZ) O(By + Az) = O(by? + AZ),

from which we immediatelyobtain

-l>||—‘

1

; IVx — ax|(0, jAy, kAz) = O(Ay? + AZ). (84)
j,k=0
Then(78) and(84) yield

Eox = O((AY? + AZ) AP AyA7),
andasimilar agumentfor the otherfive termsin (77) leadsto
T2 = O((AX? + AY? + AZ) ACAYAZ). (85)

Finally, from (76) and(85), we obtain(75), whence
fro — fa = O((AX2 + Ay? + AZ2) D), (86)

asdesired.This s, in fact, a significantlystrongemresultthan(72), shaving thatthe errorin the secondary
flux approximatioris negligible.
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If therefinemenis notsmooth(“random” refinement)thenwe find that

fo — fo = O(AX+ Ay+AZ), (87)

sothatthefirst-ordererrorin the discussiorafter (23) is presered. To seethis, tracethroughthe agument
above and obsere what is lost. The factor A is lost throughoutbecauseY o x Zox = O(1) insteadof
O(Ax?). One orderis lost in every estimateinvolving the midpoint rule, becauseY x Z or ng canhave
derivativesof O(Ay !+ Az 1). Oneorderis lostin (84), becaus€83) still holds,but ng mayvary by O(1).

@
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